The aim of this present paper is to construct exact solutions corresponding to the motion of magnetohydrodynamic (MHD) fluid in the presence of Hall current, due to cosine and sine oscillations of a rigid plate as well as those induced by an oscillating pressure gradient. A uniform magnetic field is applied transversely to the flow. By using Fourier sine transform steady state and transient solutions are presented. These solutions satisfy the governing equations and all associated initial and boundary conditions. The results for a hydrodynamic second grade fluid can be obtained as a limiting case when B 0 → 0 and for a Newtonian fluid when α 1 → 0.
Introduction
The exact solutions of equations of motion for nonNewtonian fluids as well as for Newtonian fluids are very important for several reasons. They provide a standard to check the accuracies of many approximate solutions that may be numerical. Computer techniques make the complete integration of the equation of motion for these fluids possible, but the accuracy of the results can be established only by comparison with exact solutions. In the literature, there are a large number of Newtonian fluid flows for which exact solution are possible. However, for nonNewtonian fluids exact solutions are very rare. The sim-as it has no remarkable effect for small and moderate values of magnetic field. The recent investigation for the applications of MHD is towards a strong magnetic field where the influence of electromagnetic force is noticeable. Thus, in this paper, the study of MHD in the presence of Hall current is carried out. The analytical expressions for the velocity field are determined by means of Fourier sine transform. The corresponding results for hydrodynamic second grade fluid can be recovered by taking B 0 = 0 as the special case for the presented solutions.
Basic equations
For a second grade fluid, the Cauchy stress tensor T is given as
where is the scalar pressure, I is the identity tensor, µ is the coefficient of viscosity, α ( = 1 2) are the material parameters of second grade fluid, and A ( = 1 2) are the first two Rivlin-Ericksen tensors defined by
In studying fluid dynamics, it is assumed that the flow meets the Clausius-Duhem inequality and that the specific Helmholtz free energy of the fluid is minimum at equilibrium when
However, the signs of these normal stress moduli is the subject of much controversy. For detailed analysis one may see Ref. [12] . The equations governing the MHD flow are:
• Continuity equation:
equation of motion:
Maxwell equations:
generalized Ohm's law:
In the equations above, J is the current density, B (= B 0 + b) is the total magnetic field, B 0 is the applied magnetic field, b is the induced magnetic field, σ is the electrical conductivity of the fluid, E is the electric field, µ is the magnetic permeability, is the material derivative, ρ is the fluid density, and and τ are the cyclotron frequency and collision time of the electron respectively. Here we assume that τ ≈ O (1) and τ 1 (where and τ are the cyclotron frequency and collision time for ions respectively). Further, we assume that
• the quantities ρ µ and σ are constants throughout the flow field.
• the magnetic field B is perpendicular to the velocity vector V and the induced magnetic field is neglected compared with the imposed magnetic field, so that the magnetic Reynolds number is small [13] .
• the electric field is assumed to be zero.
Under the aforementioned assumptions, Eq. (6) becomes
and φ = τ is the Hall parameter. The unidirectional flows, to be considered here, have velocity field [2, 14] 
where is the unit vector along the x-direction. Then the governing Eq. (9) gives
(11) where ν = µ/ρ is the kinematic viscosity, α = α 1 /ρ. As pointed out in the reference [5] , Eq. (11) can be solved, in principle, by several methods. The Laplace transform method can be adopted to obtain a solution. However, the inversion procedure for obtaining the solution in a second grade fluid is not a trivial matter. Further, the solution by Laplace transform for a second grade fluid does not satisfy the initial conditions [22, 23] . Thus, we preferred here the use of the Fourier sine transform.
Flow due to a rigid plate oscillating in its own plane in the presence of Hall current
Let a second grade incompressible fluid at rest fill the space above an infinitely extended flat plate. The plate begins to oscillate when time = 0 + . Due to the shear the fluid above the plate is gradually moved. Its velocity is of the form (10) and the governing equation is (11) . The relevant initial and boundary conditions are
where ω is the frequency of the velocity of the plate.
The case (0 ) = V cos (ω )
Multiplying both sides of (11) by 2 π sin (ξ ), integrating from 0 to infinity with respect to using initial and boundary
conditions (12) and (13) (cf. [24] , Sect. 3), we get
where (ξ ) is the Fourier sine transform of ( ) has to satisfy the initial condition
Solving the ordinary differential equation (15) subject to the initial condition (16) and inverting the result by means of the Fourier's sine formula [24, 25] , we get
For the large values of , this solution reduces to the steady-state solution as
In Eq. (18), on completing the square in the denominator and rearranging the terms in the numerator, we get,
Now, using the formulae (2) and (4) from section (3 731) of [26] , takes the simple form of [2] (
Proceeding in a similar way as before, we find the corresponding solutions of the form
The steady-state solution in this case is given by
In Eq. (22) completing the square in the denominator and rearranging the terms in the numerator, we get
which can also be written as
where and are defined in the previous section.
Flow between two infinite parallel plates where one of them is oscillating in presence of Hall current
Now consider a second grade fluid at rest that fills the space between two infinite parallel plates which are at a distance apart. For time = 0 + , the lower plate starts to oscillate, in its own plane, with a velocity V cos (ω ) or V sin (ω ). The initial and boundary conditions are
and
To obtain the exact solutions corresponding to these problems, we shall use the finite Fourier sine transform [25] .
The case (0 ) = V cos (ω )
Here we multiply both sides of Eq. (11) by sin (λ ), where λ = π and integrate with respect to from 0 to . Provided that ( ) satisfies the Dirichlet conditions over the interval [0 ] , and then applying the boundary conditions (25) and (26), we find
where the finite Fourier sine transforms ( ) of ( ) have to satisfy the initial condition
By solving the ordinary differential equation (28) with the initial conditions (29) and inverting the result by means of the Fourier inversion theorem [25] , we get
The corresponding steady state solution is
The case (0 ) = V sin (ω )
The starting solution for this case is given as
By taking B 0 = 0 into Eqs. (30), (31) and (32), we get the results of Fetecau [5] and the corresponding solutions for a Newtonian fluid can be obtained by putting α = 0.
Plane Poiseuille flow in the presence of Hall current
Now, we consider the case of plane Poiseuille flow, i.e. when the fluid is confined between two parallel plates and at time = 0 + a pressure gradient of the form [2]
is applied on it. The governing equation is ( . [2] Eq. (12))
The initial and boundary conditions are given by
The exact solutions corresponding to these two cases are given by
By taking B 0 = 0 in Eqs. (37) and (38), we get the results of [5] and the corresponding solution for a Newtonian fluid is obtained by putting α = 0.
Graphs, tables and discussion
In order to discuss the effect of the Hall parameter φ and magnetic field parameter B 0 on the flow field the graphs are drawn for the variation of the real part of the velocity profile with distance from the surface for different values of φ and B 0 . These graphs are plotted for glycerin (second grade fluid) [5] having ρ = 1260 µ = 1 48 ν = 0 0011 and α = 11 34. Fig. 1 shows that the real part of the steady-state velocity profile increases with increase of Hall parameter φ. But for a fixed value of φ the real part of the steady-state velocity profile firstly decreases and then after some value of it starts increasing. The boundary layer structure is observed revealing its thickness increases with an increase in φ. Fig. 2 shows that the real part of the steady-state velocity profile decreases with increase of Hall parameter φ. In this case also there is an increase in boundary layer thickness with an increase in φ. Hence, as expected, the velocity increases with increasing Hall parameter φ. This is due to the fact that the effective conductivity decreases with increasing Hall parameter φ, which reduces the magnetic damping force on the velocity. Fig. 3 shows that with the increase in Hall parameter φ the real part of the velocity profile decreases but for a fixed value of φ the real part of the velocity profile firstly decreases and then after some value of it shows an increasing trend. Fig. 4 shows that with the increase in Hall parameter φ the real part of the velocity profile decreases but for a fixed value of φ the real part of the velocity profile firstly increases and then after some value of it shows a decreasing trend. Figs. 5 and 6 elucidate the variation of the real part of the steady-state velocity profile when the rigid plate is oscillating with the cosine and sine oscillations respectively. The influence of Hall current is very important in the presence of a strong magnetic field [27] . In fact in an ionized gas of low density and /or strong magnetic field, the conductivity normal to the magnetic field is decreased by free spiraling of electrons and ions about the magnetic lines of force before suffering collisions. A current induced in a direction normal to the electric and magnetic fields is called Hall current.
Concluding remarks
In this paper, the exact analytical solutions for a class of magnetohydrodynamic (MHD) flow of a second grade fluid in the presence of Hall current are presented. A uniform magnetic field is applied transversely to the flow. The expressions of the velocity field for flow due to a rigid oscillating plate, between two infinite parallel plates with one of them oscillating, and plane Poiseuille flow due to oscillating pressure gradient are obtained by means of Fourier sine transform. The solutions so obtained, depending on the initial and the boundary conditions, are presented as sum of the steady state transient solutions. The results for a hydrodynamic second grade fluid [5] can be recovered by choosing B 0 = 0 as a special case of the presented solutions. Moreover, in the limiting case when α 1 → 0 the presented solutions reduce to those for a Newtonian fluid.
Graphical results for the Hall parameter reveal that it has significant influence on the velocity profile.
